Time dependent mechanical strength of oriented media by Hsiao, C. C. et al.
Technical Report No. 109 .~ 
Time Dependent Mechanical Strength 
of Oriented Media 
C. C. Hsiao, S. R. Moghe and H. H. Kausch von Schmeling 
University of Minnesota, Minneapolis, Minnesota 
December 1966 GPO PRICE $ I I 
CFSTl PRICE(S) $ 
Hard copy (HC) 
Microfiche (MF) 
Prefmred under ff 663 July 66 




I Techn ica l  Report N o .  109  
TIME DEPENDENT MECHANICAL STRENGTH 







C. C .  Hsiao, S .  R .  Moghe and H .  H .  Kausch von Schmeling 
U n i v e r s i t y  o f  Minnesota ,  Minneapo l i s ,  Minnesota 
December 1966 
Prepa.red under 
N A S A  Grant N G R - 2 4  -005 -0 7 0 
T i n e  Dependent Mecha.nica.1 S t . r e n g t h  
of O r i e n t e d  Media,* 
C .  C .  Hsia.0, S .  R .  Moghe and  H .  H .  Ka.usch von Schmeling 
U n i v e r s i t y  of  Minnesota,  Minnea,pol is ,  Minnesota.  
F o r  a homogeneous o r i e n t e d  and  s t r e s s e d  medium, a 
t h e o r y  of  s t r e n g t h  b e h a v i o r  i s  fo rmula t ed  and a n a l y z e d  
on t h e  b a s i s  of c o n s i d e r i n g  t h e  k i n e t i c  b r e a k i n g  and  
forming p r o c e s s e s  p r e s e n t  i n  t he  mic roscop ic  m o l e c u l a r  
s t r u c t u r e .  The t h e o r y  developed  i n  t h i s  manner i s  
p a r t i c u l a r l y  a p p l i c a b l e  t c :  po lymer i c  s y s t e m s .  The 
s o l u t i o n  to t h i s  f o r m u l a t i o n  g i v e s  n o t  o n l y  r e a s o n a b l e  
r e s u l t s  comparable to a v a i l a b l e  e x p e r i m e n t a l  f i n d i n g s ,  
b u t  a l s o  y i e l d s  new i n f o r m a t i o n  which may n o t  be p o s s i b l e  
to b e  v e r i f i e d  e x p e r i m e n t a l l y  a t  p r e s e n t .  I n  g e n e r a l ,  
i t  i s  found t h a t  unde r  e i t h e r  f a i r l y  l a r g e  or moderate  
s t r e s s e s ,  t h e  f r a c t u r e  s t r e n g t h  i s  a l m o s t  l i n e a r l y  
r e l a t e d  w i t h  l o g a r i t h m  of  t i m e .  F o r  s m a l l  s t r e s s e s ,  
t h e  k i n e t i c  n a t u r e  o f  mo lecu la r  r e f o r m a t i o n  i s  found 
t o  b e  q u i t e  i n f l u e n t i a l  and  t h u s  t h e  t i m e  r e q u i r e d  for 
f r a c t u r e  becomes l a r g e r  and l a r g e r  and f i n a l l y  a p p r o a c h e s  
t o  i n f i n i t y .  The a n a l y s i s  i s  a l s o  ex tended  to a p a r -  
t i a l l y  o r i e n t e d  molecu la r  system under  more g e n e r a l  
l o a d i n g  c o n d i t i o n s .  
*Supported i n  p a r t  b y  t h e  N a , t i o n a l  Aerona .u t i c s  and  
Spa.ce Admini s t r a t i  on 
TIME DEPENDENT STRENGTH OF FULLY ORIENTED MEDIA 
It i s  w e l l  known t h a t  t he  macroscopic  mechanica l  
s t r e n g t h  of ‘a s o l i d  i s  i n t i m a . t e l y  t i e d  i n  w i t h  t h e  
mic roscop ic  c o n s t i t u e n t s  and t h e i r  c o n f i g u r a t i o n s .  For 
example, v a r i a t i o n s  i n  molecu la r  o r i e n t a t i o n  as a r e s u l t  
of de fo rma t ion  w i l l  c e r t a i n l y  a f f e c t  t he  macroscopic  
beha .v ior .  T h i s  i s  p a r t i c u l a r l y  t r u e  for s o l i d s  such  
as some h i g h  polymers  ha.ving pronounced t ime-dependent  
p r o p e r t i e s .  U l t i m a t e  s t r e n g t h  i s  one such  p r o p e r t y  
which can b e  cons ide red  on the  basis of a k i n e t i c  
concep t  i n  t h e  f r a c t u r i n g  p r o c e s s e s .  It i s  r e a l i z e d  
t h a t  t h e  h i g h l y  complex k i n e t i c  n a t u r e  of molecu la r  
b e h a v i o r  p r e c l u d e s  a n  e x a c t ,  y e t  d e t a i l e d  a n a . l y s i s .  
However, a rough e s t ima . t ion  seems p o s s i b l e  and  d e s i r a b l e  
even i f  a n  i d e a l  model i s  c o n s i d e r e d .  With t h i s  i n  
mind, t h e  ma themat i ca l  model used f o r  a n a l y s i s  i s  a 
ma, t r ix  of o r i e n t e d  e lements  r e p r e s e n t i n g  molecu la r  
f o r c e s ,  embedded i n  a n  a . r b i t r a r y  domain. Fo r  s i m p l i c i t y ,  
c o n s i d e r  t h a t  t he  system i s  composed o f  a. l a r g e  number 
of i d e n t i c a . 1  e l e m e n t s .  For such  a. system, t h e  s t a t e  
of s t ress  i n  t h e  v i c i n i t y  of a p o i n t  i n  t h e  s o l i d  may 
be r e p r e s e n t e d  b y  d e t e r m i n i n g  the  t i m e  dependent  s t ress  
t e n s o r  a i j ( i , j  = 1,2,3) a t  t h a t  p o i n t  1 
where p i s  the  d e n s i t y  of  p r o b a b i l i t y  d i s t r i b u t i o n  
f u n c t i o n  of  o r i e n t a t i o n ,  i s  t h e  l o n g i t u d i n a l  s t r e s s  
a c t i n g  a.long ea.ch element ,  and i s  a f u n c t i o n  of  o r i e n -  















and  t i m e  t .  Depending upon t h e  n a t u r e  of  m o l e c u l a r  
b e h a v i o r ,  two extreme c a s e s  o f  m o l e c u l a r  o r i e n t a t i o n  
Fay be e x p r e s s e d .  For  a. sys t em w i t h  randomly o r i e n t e d  
l o o s e  or unconnected e l emen t s  , 1 
where E r e p r e s e n t s  a un i fo rm s t r a i n  which v a r i e s  from 
-1 t o  00. For  a sys tem wi th  randomly connec ted  e l emen t s ,  
p can be  modi f ied  as f o l l o w s  , 2 
where 
2 4 a  I n  -3 a+l 
2a E = -[a + 1 + -a-1 a-1 
I n  a d d i t i o n ,  f i s  t h e  f r a c t i o n  of  unbroken e l e m e n t s  
and i s  a l s o  a f u n c t i o n  o f  o r i e n t a t i o n  and t i m e .  
s a re  u n i t  v e c t o r s ,  and du  i s  the  i n f i n i t e s i m a l  s o l i d  
angle w i t h i n  which t h e  e l emen t s  are  c o n s i d e r e d  to be 
p a , r a . l l e l .  
si and 
j 
I n  genera.1 t h e  t ime dependent  n a t u r e  ca.n be formu- 
l a t e d  u t i l i z i n g  t h e  s t a t i s t i c a . 1  t h e o r y  of t h e  a b s o l u t e  
r e a c t i o n  ra te  f o r  a. given o r i e n t a , t i o n  of t he  e l e m e n t s  
w i t h  r e s p e c t  to t he  d i r e c t i o n  of a .pp l i ed  s t r e s s  ' j 3  such  
tha. t  t h e  r a . t e  of change o f  f i s  g i v e n  as f o l l o w s :  
- -  df  - K,(l - f )  - \f 
d t  
where 
( 3 )  
(4) 
(5) 
i s  t h e  r a t e  of  r e f o r m a t i o n  of broken  e l emen t s  a.nd 
t h e  r a t e  of r u p t u r i n g  of unbroken e l emen t s ,  (.or and % 
a r e  r e s p e c t i v e l y  t h e  f r e q u e n c i e s  of t he  Jump motion of 
t h e  e l emen t s  w i t h  r e s p e c t  to forming  and b r e a k i n g  
p r o c e s s e s .  U i s  t h e  a c t i v a t i o n  energy ,  R i s  t h e  u n i -  
v e r s a l  g a s  c o n s t a n t  and T i s  t h e  a b s o l u t e  t empera , tu re .  
B and y are  p o s i t i v e  q u a n t i t i e s  which modify the e n e r g y  
b a r r i e r  because  of  t h e  non-zero a p p l i e d  s t r e s s  i n  t h e  
d i r e c t i o n  of each  e l emen t .  
For a c o m p l e t e l y  o r i e n t e d  system, i f  t h e  s t r e n g t h  
of a medium under  a s i m p l e  c o n s t a n t  t e n s i o n ,  s a y  i n  
3 3 - d i r e c t i o n ,  i s  c o n s i d e r e d  t h e n  from (1): 
$ ( t ) f ( t )  = a33 = 0 
where a = c o n s t a n t  i s  t h e  a p p l i e d  s imple  t e n s i o n  and 
f i s  independen t  of  molecu la r  o r i e n t a t i o n .  I n  t h i s  
c a s e  d i f f e r e n t i a , t i n g  ( 7 )  and  combining w i t h  ( 4 ) ,  y i e l d s  
t h e  f u n c t i o n a l  r e l a t i o n s h i p  between q and t .  
I n t e g r a t i o n  r e s u l t s  i n  the t ime- to -b reak  
where to i s  a, c o n s t a n t  o f  i n t e g r a t i o n .  
f u n c t i o n s  of  q ( t ) .  The b a s i c  concep t  of t h e  dependence 
A s  shown i n  ( 4 ) ,  ( 5 )  and  (6), % and Kr a r e  b o t h  
( 7 )  
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of  % and Kr on zb can be d e s c r i b e d  a , cco rd ing  to t h e  
a . b s o l u t e  r e a c t i o n  ra te  t h e o r y .  I n  g e n e r a l  t he  e f f e c t  
of' s t ress  on e l a s t i c  de fo rma t ion  a.nd v i s c o u s  f low i s  
c a p a b l e  of  b e i n g  r e h t e d  to a. comprehens ib le  a c t i m t i o n  
p r o c e s s  a.s a consequence of  t he  movement o f  t he  whole 
or a segment of a molecule ,  f rom one e q u i l i b r i u m  s t a t e  
to t he  n e x t .  I f  U i s  t h e  o r i g i n a . 1  p o t e n t i a . 1  ene rgy  
b a . r r i e r  to be  c r o s s e d  between two e q u i l i b r i u m  s t a . t e s ,  
t he  f r e q u e n c y  wi th  which such  s t e p s  occur  unde r  t h e  
i n f l u e n c e  of  t he  thermal a g i t a t i o n  w i l l  be  p r o p o r t i o n a l  
to e -U/RT. Af te r  a s t r e s s  cr i s  a .pp l i ed  to t h e  o r i e n t e d  
system, i n d i v i d u a . 1  e lements  a . r e  s u b j e c t e d  to a. s t r e s s  
Il/(t). 
p r o c e s s  becomes modif ied to U/RT - f 3 $ ( t )  i n  t h e  d i r e c t i o n  
of  t he  a p p l i e d  s t ress .  Whereas i n  t he  o p p o s i t e  s e n s e ,  
t h e  e n e r g y  b a r r i e r  i s  m o d i f i e d  to U/RT + y + ( t ) .  
r e s u l t  b o t h  t h e  r a . t e s  of mod i f i ed  k i n e t i c  p r o c e s s e s  
become d i f f e r e n t  e x p o n e n t i a l  f u n c t i o n s  of s t r e s s .  With 
t h i s  i n f o r m a t i o n ,  ( 9 )  can be mod i f i ed  to g i v e  t h e  
The ene rgy  b a r r i e r  a s s o c i a . t e d  w i t h  t he  b rea .k ing  
A s  a. 
f o l l o w i n g  i n t e g r a l  f o r  the t ime- to-brea .k  w i t h  t = 0: 
0 
where t h e  i n t e g r a l  i s  to be eva, lua. ted from Il/ = q0, a.n 
i n i t i a l  v a l u e  o f  Il/, to + = + f o r  which the m i c r o s c o p i c  
e lement  c e a s e s  to c a r r y  any  l o a d .  The i n i t i a l  v a l u e  1c/, 
c a n  be  e x p r e s s e d  through t h e  u s e  of ( 7 )  i n  terms of  t he  
a . p p l i e d  s imple  t e n s i o n  CT when the  i n i t i a . 1  v a l u e  f of f 
i s  known. E v a l u a t i o n  of t h e  i n t e g r a l  ( 1 0 )  w i l l  g i v e  
t h e  r e q u i r e d  s o l u t i o n .  
b 
0 
It can  b e  s e e n  that i n t e g r a t i o n  o f  ( 1 0 )  e x p l i c i t l y  
i n  terms of  t he  known f u n c t i o n s  ma.y n o t  be p o s s i b l e  a.nd 
n u m e r i c a l  eva , lua . t ion  ma.y 'become a n e c e s s i t y .  However 
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( 1 0 )  can b e  e v a l u a t e d  e x p l i c i t l y  i f  we r e s t r i c t  to 
s t r e s s  r a n g e s  w i t h i n  which 0 i s  r e l a t i v e l y  l a r g e .  S i n c e  
f h a s  a bounded v a r i a t i o n  between 0 and I, @ ( t )  w i l l  
a l s o  be  r e l a t i v e l y  l a r g e .  Then ( 1 0 )  may b e  approximated  
to g i v e  
tb = e 
Eva lua . t i ng  we g e t  
tb = E i  ( -f3qb ) - E i  ( -Fq0) 1 
where E i ( - x )  i s  t h e  exponent ia .1  i n t e g r a l  d e f i n e d  b y  
03 
- E i ( - x )  = r dY 
x ye 
S u b s t i t u t i n g  q0 = o/fo we o b t a i n  
-’ U/RT[Ei(-p7)  ) - E i ( - B O / f o ) ]  t b = u  e b b 
A v a r i a t i o n  of  tb a g a i n s t  0 i s  shown on l o g a r i t h m i c  
s c a l e  i n  F i g ,  1 by the  s o l i d  c u r v e .  The maximum l i m i t  
o f  t h e  a p p l i e d  s t r e s s  i s  i n d i c a t e d  by ob which i n  terms 
o f  qb becomes 0 = foqb. The c o r r e s p o n d i n g  s t r e n g t h  
b e h a v i o r  i s  t h a t  i t  i s  l i k e l y  to be l i n e a r l y  r e l a t e d  
w i t h  t he  l o g a r i t h m  of  t i m e .  Below t h i s  s e c t i o n  of  t h e  
c u r v e  t h e r e  i s  a c o n s i d e r a b l e  r e g i o n  where t h e  cu rve  
i s  a g a i n  n e a r l y  l i n e a r  between t h e  a p p l i e d  stress and 
l o g a r i t h m  of  t ime- to -b reak .  The lower p o r t i o n  o f  t h e  
c u r v e  shown as d o t t e d  curve,  e v a l u a t e d  w i t h o u t  c o n s i d e r -  
i n g  t h e  r e f o r m a t i o n  p r o c e s s e s ,  does  n o t  c h a r a c t e r i z e  t h e  
t r u e  b e h a v i o r  because  t h e  c o n t r i b u t i o n s  r e s u l t e d  i n  f rom 
b 
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t h e  r e f o r m a t i o n  p r o c e s s e s  are  n o t  n e g l i g i b l e .  I n  t h i s  
r e g i o n ,  t h e  a p p l i e d  s t r e s s  i s  r e l a t i v e l y  sma.11. There 
e x i s t s  a. minimum va. lue 0 
a s y m p t o t i c a l l y .  T h i s  va lue  i s  g i v e n  b y  t h e  c o n d i t i o n  
t h a t  
f o r  which tb goes  to i n f i n i t y  m 
where qmfo = 0 . m 
I f  we l e t  0 r e p r e s e n t  a p p r o x i m a t e l y  t h e  s t r e s s  a . t  r - .  
which r e f o r m a t i o n  p r o c e s s e s  become influential, then the1 
t r u e  cu rve  can be expres sed  b y  two i n t e g r a l s :  
* 
If O r - 0  i s  s m a l l  t h e n  t h e  in t eg ra .nd  i n  ( 1 6 )  ca.n be  
approximated  as 
t h  where P n ( @ )  i s  a. polynomia.1 o f  n 
e v a l u a t i o n  of ( 1 7 )  i s  s imple and a c c u r a c y  can be 
improved b y  i n c r e a s i n g  t h e  number n .  Comparison of  ' 
t h i s  a n a l y t i c a . 1  r e s u l t  wi th  e x p e r i m e n t a l  da. ta  has 
been  made. Good agreements  ha.ve been  ob taaned .  
4 D e t a i l e d  i n f o r m a t i o n  has  been r e p o r t e d  elsewhere . 
d e g r e e  i n  @ .  The 
It might  be of i n t e r e s t  to mention t h a , t  t h e  i n i t i a . 1  
h o r i z o n t a . 1  p o r t i o n  o f  t h e  cu rve  i n  F i g .  1 r e p r e s e n t s  t h e  
s t r e n g t h  beha .v ior  of a. medium for a n  e x t r e m e l y  s h o r t  
d u r a t i o n  of t e s t i n g  ( microsecond ) .  Under* o u r  
p r e s e n t  a v a i l a b l e  t e s t i n g  c a p a b i l i t i e s ,  t h e  e x p e r i m e n t a l  
s t r e n g t h  d a t a  l i e  most ly  below t h i s  p o r t i o n  i n  t h e  a l m o s t  
s t r a i g n t  l i n e  r e g i o n  excep t  f o r  s m a l l  a p p l i e d  s imple  
s t resses  shown a s  the lower s e c t i o n  o f  t h e  c u r v e .  
I n  a d d i t i o n ,  on t h e  b a s i s  of  t h i s  model i t  i s  found 
q u a l i t a t i v e l y  from (12), f o r  a modera t e ly  h i g h  c o n s t a n t  
a p p l i e d  t e n s i o n ,  t h e  l o g a r i t h m  of  t ime- to -b reak ,  f o r  a 
c e r t a i n  r e g i o n ,  i s  a lmost  i n v e r s e l y  p r o p o r t i o n a l  to t h e  
a b s o l u t e  t e m p e r a t u r e  a t  which t h e  medium i s  f r a c t u r e d .  
T h i s  i s  shown i n  F i g .  2 .  I n  t h e  d e t e r m i n a t i o n  of  t h i s  
t h e o r e t i c a l  cu rve ,  B has  been  assumed as d i r e c t l y  p r o -  
p o r t i o n a l  to t he  r e c i p r o c a l  o f  t h e  a b s o l u t e  t e m p e r a t u r e .  
T h i s  i s  j u s t i f i e d  because  b o t h  (3 and y a r e  l i k e l y  t o  be 
f u n c t i o n s  of  l /T  s i n c e  p + ( t )  or y + ( t )  modify t h e  ene rgy  
b a r r i e r  i n  t h e  molecu la r  p r o c e s s e s  a s  shown i n  ( 5 )  and 
( 6 ) .  I n  c a s e  (3 i s  independent  of t e m p e r a t u r e ,  t h e  
i n v e r s e  p r o p o r t i o n a l i t y  a s  i n  F i g .  2 s t i l l  h o l d s .  With 
t h i s  i n f o r m a t i o n  and some assumed v a l u e s  for c o n s t a n t s  
i n v o l v e d  i n  ( 1 2 )  a q u a l i t a t i v e  r e p r e s e n t a t i o n  of t h e  
t e m p e r a t u r e  and t ime-dependent  b e h a v i o r  f o r  f r a c t u r i n g  
a medium i s  o b t a i n e d .  S i m i l a r  q u a l i t a t i v e  b e h a v i o r  can 
be e v a l u a t e d  i f  a n  e x a c t  dependence o f  B on t e m p e r a t u r e  
i s  known. 
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I n  t h e  p r e v i o u s  s e c t i o n  we have e x p l o r e d  t h e  
s t r e n g t h  b e h a v i o r  of a f u l l y  o r i e n t e d  s o l i d  unde r  
c o n s t a n t  s imple  t e n s i o n .  We can a l s o  f o r m u l a t e  a 
s i m i l a r  problem f o r  a p a r t i a l l y  o r i e n t e d  a n i s o t r o p i c  
s o l i d  under  more g e n e r a l  t y p e  of s t resses .  R e s u l t s  
p e r t a i n i n g  to a n  a p p l i e d  s t a t e  of  i n t e n s e  s t r e s s e s ,  
when r e f o r m a t i o n  p r o c e s s e s  a re  n e g l i g i b l e ,  have 
a l r e a d y  been  r e p o r t e d  , Fol lowing  a somewhat s i m i l a r  
concep t ,  we can fo rmula t e  t he  t i m e - t o - b r e a k  and 
s t r e n g t h  b e h a v i o r  under  a g e n e r a l  c o n s t a n t  l o a d i n g  
c o n d i t i o n  when s t r e s ses  a re  not l a r g e  enough to 
w a r r a n t  t he  n e g l e c t  o f  t h e  molecu la r  r e f o r m a t i o n  
p r o c e s s e s  i n  the  media ,  Here w e  a r e  l o o k i n g  for a 
r e l a t i o n  between tb and s t resses  CT 
a s o l u t i o n  o f  (1) and ( 4 )  s u b j e c t e d  to g i v e n  s t r e s s e s  
5 
which c o n s t i t u t e  i j’ 
0 i j  ( t ) .  
R e s t r i c t i n g  to t h e  c o n d i t i o n  t h a t  0 = c o n s t a n t  i j  
w i t h  r e s p e c t  to t ime,  d i f f e r e n t i a t i o n  o f  (1) w i t h  
r e s p e c t  to t i m e  t g i v e s  
which may be  reduced  t o  
I n t e g r a t i o n  of ( 1 9 )  y i e l d s  
ll/f = 7 / J o  
where qo i s  a pa rame te r  i ndependen t  of  t i m e  b u t  
depends  upon t h e  o r i e n t a t i o n  d i r e c t i o n  d e f i n e d  by 
( e , @ ) .  The r e l a t i o n  shown i n  ( 2 0 )  may a l s o  be a n t i -  
c i p a t e d  from (1) s i n c e  a l l  t h e  t i m e  dependent  f u n c t i o n s  
i n  t h e  i n t e g r a n d  t o g e t h e r  must be  e q u i v a l e n t  t o  a t i m e  
i ndependen t  f u n c t i o n  i n  t h e  c a s e  t ha t  a i j  i s  c o n s i d e r e d  
c o n s t a n t .  
a p p a r e n t  l a te r  on.  Equa t ions  ( 1 9 )  and ( 2 0 )  h o l d  f o r  
e v e r y  r e p r e s e n t a t i v e  element  i n  a n y  d i r e c t i o n  ( 8 ,  @ )  . 
E l i m i n a t i n g  f f rom (4), ( 1 9 )  and (20), we o b t a i n ,  f o r  
t h e  r e p r e s e n t a t i v e  element  d i r e c t e d  a l o n g  ( e , @ ) ,  a n  
e q u a t i o n  
The complete  s i g n i f i c a n c e  of q ,  w i l l  become 
which, when s o l v e d ,  y i e l d s  
where to  i s  a. c o n s t a n t  of  i n t e g r a t i o n .  
been  a.ssumed t h a . t  a.11 t h e  e l emen t s  a . re  i d e n t i c a . 1  
e x c e p t  f o r  t h e i r  o r i e n t a t i o n  we can e s t a . b l i s h  a n  
a.dequa.te c r i t e r i o n  for the  f r a , c t u r e  of  any  e lement  
and u l t i m a , t e l y  of  t h e  e n t i r e  s o l i d .  We w i l l  assume 
a.s i n  p r e v i o u s  s e c t i o n  t h a . t  e l e m e n t s  w i l l  break when 
q (  e , @ ,  t) -+ 7/Jb i ndependent  of 8 ,  @ and t .  
i n i t i a . l l y  a t  t = 0, f = 1, t h e n  t h e  t i m e - t o - b r e a k  
f o r  amy element  becomes 
S i n c e  i t  ha,s 
Also i f  
11 
where 
From t h e  d e f i n i t i o n ,  q O ( O , @ )  = Ee 
a. s t r a i n  t e n s o r  and  E i s  t h e  e l a s t i c  cons t a .n t  f o r  ea.ch 
e l e m e n t .  S u b s t i t u t i n g  i n t o  (l), w e  o b t a i n  
s s m n m n  where em i s  
where 
I f  we d e f i n e  Bijm a s  the i n v e r s e  of  C i j m  such  t h a t  
t h e n  
0 - E e m  - B i j m n  i j  
Here b o t h  C i j m  and  Bijmn a re  f u n c t i o n s  
and  s t r a i n  E .  Then qo can be e x p r e s s e d  
6 of  o r i e n t a t i o n  
a. s 
( 2 7 )  
S u b s t i t u t i n g  f o r  i n  ( 2 3 )  r e s u l t s  i n  a. r e q u i r e d  t i m e -  
to break  tb f o r  a n  a r b i t r a r y  e l e m e n t .  The r e l a t i o n  
e x p r e s s e d  i n  ( 2 3 )  w i l l  be  i d e n t i c a l  to ( 1 0 )  i f  we r e p l a c e  
0 i n  ( 1 0 )  by  qo. There fo re  a l l  c o n c l u s i o n s  f rom ( 1 0 )  
12 
based on 0 w i l l  ho ld  i n  t h i s  c a s e  for io. 
r i s e  to a n o t h e r  i n t e r e s t i n g  i n t e r p r e t a t i o n  t h a t  ( 2 8 )  
can be  c o n s i d e r e d  as d e f i n i n g  a g e n e m l i z e d  s u r f a , c e  i n  
It. can be shown t h a t  t h e r e  e x i s t s  s i x  coord ina t . e s  0 
a. c r i t i c a . 1  s u r f a c e  for a r e p r e s e n t a t i v e  e lement  i n  some 
a . r b i t r a r y  d i r e c t i o n  ( e , $ )  d e f i n e d  by  t h a t  va,lue of 
io = ?!fo 
I f  t h e  l o a d i n g  c o n d i t i o n  i s  r e p r e s e n t e d  b y  a. p o i n t  on 
T h i s  g i v e s  
i j *  
m i  n which co r re sponds  to i n f i n i t e  t ime- to-brea .k .  
or below t h i s  s u r f a , c e ,  i . e .  i f  
qn 5?!fn , t h e n  t h e  element  w i  m i  n 
m i  n U U t h i s  v a l u e  q0 i s  independen t  
a . re  such  t h a . t  ‘i j 
11 n e v e r  break .  How 
of t he  p o s i t i o n  of  
e v e r ,  
t h e  
e lement  which i s  a .pparent  f rom i n s p e c t i o n  of ( 2 3 ) .  T h i s  
l i m i t a t i o n  w i l l  i n  a. way r e s t r i c t  r e l a t i v e  ma.gnitudes 
of o i j  if t h e  f r a c t u r e  of  t h e  s o l i d  i s  to o c c u r  i n  f i n i t e  
t i m e .  
It i s  a . l s o  c l e a r  from ( 2 3 )  and ( 2 8 )  t h a t  e l e m e n t s  
o r i e n t e d  i n  d i f f e r e n t  d i r e c t i o n s  i n i t i a . l l y  w i l l  b reak  
a t  d i f f e r e n t  t imes,  and the  c h o i c e  of t h e  t ime- to -b reak  
f o r  t h e  e n t i r e  s o l i d  becomes s0mewha.t a , r b i t r a . r y .  However, 
a s t a t i s t i c a . 1  mean w i t h  r e s p e c t  to t he  d i s t r i b u t i o n  
f u n c t i o n  p ( @ , @ , ~ )  can h o p e f u l l y  be expec ted  to g i v e  a 
more r e p r e s e n t a t i v e  va lue  to tb. 
d i s t r i b u t i o n  o f  e lements ,  as i n  t h e  p r e s e n t  c a s e ,  t he  
s t a t i s t i c a l  mean of t h e  t ime- to -b reak  tb i s  d e f i n e d  
For a. c o n t i n u o u s  
5 
b y  
which can b e  eva , lua t ed  e a , s i l y .  Here we ha.ve assumed 
t h a t  t he  i n t e g r a . 1  e x i s t s  unde r  the  g iven  1oa.ding 
c o n d i t i o n s .  Us ing  p(@,@,&)  as  d e f i n e d  i n  (2), w e  





















T h e r e f o r e  
To o b t a i n  some i d e a  a b o u t  t he  r e s u l t s  r e p r e s e n t e d  
= 0 = 0 ( say )  for a n  i s o t r o p i c  medium, 
b y  ( 3 0 ) ,  l e t  u s  c o n s i d e r  a t r i a x i a . 1  s t a t e  of s t ress  
11 = O22 33 
t h e n  i t  ca.n be shown t h a t  Bi jm 0 i j  s s 
t i n g  i n t o  ( 2 9 )  we o b t a i n  
= 3 0 .  S u b s t i t u -  
Equa t ion  (31) e n f o r c e s  a l i m i t a t i o n  on the  maximum 
v a l u e  ( J ~ ~ , ~  o f  0 s i n c e  tb canno t  be nega . t i ve .  T h i s  
c o n d i t i o n  r e q u i r e s  tha . t  omax = $b/3* 
a minimum v a l u e  of  0, say 0 f o r  which Tb = w .  
The e x p r e s s i o n  (31)  can be e a s i l y  e v a l u a t e d  f o r  a l l  
s t resses  0 5 0 5qb /3 .  A q u a l i t a t i v e  cu rve  i s  
shown i n  F i g u r e  3.  The sha.pe of t h e  cu rve  i s  s imi la r  
t o  tha t  i n  F i g .  1 a.s may be e x p e c t e d .  
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